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‘3. Consider the differential equation
dy/dt = —ay + b,

where both @ and b are positive numbers.
(a) Solve the differential equation.
(b) Sketch the solution for several different initial conditions.
(c) Describe how the solutions change under each of the following conditions:
1. & Increases.
i1, b increases.
i1l. Both a and b increase, but the ratio #/a remains the same.

Bilowesn P—euzm .
In;m s + T et ¢,(t) = 0 and use the method of successive approximations
to solve the given imitial value problem. (Yicard [lerades D
(a) Determine ¢ (1) for an arbitrary value of n.

-

(c) Express lim ¢ (¢) = ¢(t) in terms of elementary functions; that 1s, solve the given
H— OC

initial value problem.

s, yf?-'- "‘y/z_ g 'L') }f{c::) =P

20, Eunvergegce of Eulf.'_:r’s I}flethﬂd. [t can be shown that, under suitable conditions on f
¢ numerical approximation generated by the Euler method for the initial value pmblen';

!
_} E f(r, Yhoyty) =y, converges to the exact solution as the step size it decreases, This
Is 1llustrated by the following example. Consider the initial value problem

Y=l—t+4y,  y) =y,
(a) Show that the olution is v — b -
exact solution is y = ¢ (1) = (vg = f,)e' ™0 + 1.

(b) Using the Euler formula, show that

}‘g:-(l—kir}yk_]-l-h—hrk_]. k=1,2,....
(¢) Noting that =+ h){_vﬂ — 1) + t,, show by induction that

Yo = U+ (3 = 1) +1, ()
for each positive integer .

(d) Consid ' : '
) ider a fixed point 1 > ly and for a given n choose i = (¢t — Ig)/n. Thent =1

for every n. Note also that A — 0 as n — oo By substituting for 4 in Eq. (i) and letting
n — 20, show that y, = @{t)as n - oo.

Hint: lim (1 +a/n)" = .

T — O

23, Y =4~t+2y, yO =1  Hini:y = (1+2h)+1/2

I9. Find a solution of the initial-value problem y' =/ I~y?,y(0)=1, other than &

y{1)=1. Does this violate Theorem 2'? Explain. (E xiSkence 7o i gwPacss)

13. If the functions y, and y, are linearly independent solutions of y' '+ p@)y +q)y =0,
determine under what conditions the functions y; = a,y, + a,y, and y, = by, + b,y,
also form a linearly independent set of solutions.
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14. Consider the sequence ¢ (x) = 2n,re‘”"‘2, O=<=x=<1.
(@) Show that lim ¢ (x) = 0for0 < x < 1; hence
H=3 50

|
f lim ¢, (x)dx = 0.
(

f1—+ o0

1
(b) Show thatf dnxe " dx =1 —¢7": hence
0

1
lim f ¢, (x)dx = 1.
H—r 0 0

Thus, in this example,

b
lim ¢ (x)dx,
H =20

i

even though lim ¢ (x) exists and is continuous.
H— 00



