3. In the figure, a point at approximately (1, 1) is enclosed by level curves which are oval in shape and indicate that as

we move away from the point in any direction the values of f are increasing. Hence we would expect a local

minimum at or near (1, 1). The level curves near {0, 0) resemble hyperbolas, and as we move away from the origin,

the values of f increase in some directions and decrease in others, so we would expect to find a saddle point there.
To verify our predictions, we have f(z,y) = 4 +2° +4° = 3zy =  fo(z,y) = 327 — 3y,

fu(a,y) = 3y* ~ 3z. We have critical points where these partial derivatives are equal to 0: 3z% — 3y =0,

3y? — 3z = 0. Substituting y = 2 from the first equation into the second equation gives 3(z)? =3z =0 =

3z(z° = 1) =0 = z =0orz =1 Then we have two critical points, (0,0) and (1, 1). The second partial

derivatives are forz(x,y) = 6z, fou (7, y) = =3, and fyy(z,y) = 6y, so

D(x,y) = frx(,) fyy(2,9) = [feu(z,9)]* = (62)(6y) — (=3)* = 36y — 9. Then

D(0,0) = 36{0)(0) — 9 = —9,and D(1,1) = 36(1)(1) — 9 = 27. Since D(0,0) < 0, f has a saddle point at

(0, 0) by the Second Derivatives Test. Since D(1,1) > 0and f.(1,1) > 0, f has a local minimum at (1, 1).

1 flzy) =2ty —dry +2 = fo=4d2%—dy,
fo =4y — 4, for = 1227, foy = —4, fyy = 12y Then fu = 0
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implies y = %, and substitution into fu=0 = z=1°gives 4

—

2 ~2=0 = 2(*-1)=0 = z=00rz=+1 z,
Thus the critical points are (0, 0), (1,1), and (~1, —1). Now
D(0,0) =00~ (~4)? = =16 < 0,50 (0,0) is a saddle point.
D(1,1) = (12)(12) — (—4)* > Dand for(1,1) =12 > 0, 50
f(1,1) = 0is a local minimum. D(—1,—1) = (12)(12) — (=4)% > 0and for = (=1, —=1) = 12 > 0, so

F(=1,~1) = Qs also a local minjimum.

M flz,y) =142y ~2> —y® = f,=2— 2,
Sy =22 =2y, fex = fyy = —2, fo, = 2. Then fz = 0 and
fy = O implies @ = y so the critical points are all points of the form
(w0, o). But D (z0,70) = 4 — 4 = 0 so the Second Derivatives

Test gives no information. However

1+2Iy~r2—y2:1~(r—y)2and1~(x—y)2§1foral|

(@, y), with equality if and only if © = y. Thus Flzo,z0) = 1 are

local maxima.

29. fo(z,y) = 2z + 2y, fo(z,y) = 2y + z°, and setting fo = fy =0 ¥
gives (0, 0) as the only critical point in D, with f(0,0) = 4. =11 Ly @n
On Li:y = —1, f(z,—1) = 5, a constant. L, 7L2
On Ly z =1 f(1,y) = y*+y+5, aquadratic in y which attains its 0 <
maximurn at (1,1}, f(1,1) = 7 and its minimum al (1,-3). F(3,—-35) =4 1 —h L, (.-

On Ls: f{z,1) = 2x% + 5 which attains its maximum at (—1,1) and (1, 1) ’

with f(£1,1) = 7 and its minimum at (0,1), f(0,1) = 5.

On Ly f(—1,y) =4 +y + 5 with maximum at (-1, 1), f(=1,1) = 7 and

minimum at (—1, —%) f(—l, —%) = 141 Thus the absolute maximum is attained at both (1, 1) with
F(#1,1) = 7 and the absolute minimum on D js attained at (0,0) with f(0,0) =4



