Trig Integrals

Things we know already

We have already seen how to integrate the sine and cosine functions.
fsina:dx =-cosz+C
fcosxdx =sinz 4+ C

Also, in the lecture on integration by parts we saw how to develop reduction formulas for
integrals involving certain powers of sine and cosine.

fsinn rdr = —% cos z sin" ™z + T% fsinn'2 rdx (1)

[cos" zda = L cos"! zsinz+n-1 fcosn'2 zdx (2)
n n

In addition to these facts, there are a number of basic trigonometric identities that
appear frequently. The most important of these to know are

.2 2

sin“ x4+ cos” z=1
. 2 2

sin~z=1-cos™ z
2 . 2

cos  r=1-sin" z

tan2 z+1= se(:2 z

1+ cot® z = csc” z
sin(A + B) = sin A cos B+ cos A sin B
sin(A - B) = sin A cos B - cos A sin B
cos(A + B) = cos A cos B - sin A sin B
cos(A - B) = cos A cos B+ sin A sin B

A strategy for solving trig integrals



Here is a simple strategy that is useful for solving a wide range of integrals involving trig
functions.

1. Convert all trig functions in the integrand into products of sine and
cosine.

2. By appropriate use of the substitutions sin® @ =1-cos” 0 orcos: 0 =1
- sin” 6 transform the integral into one of these two forms:

ff(sin 0) cos 0dO or ff(cos 0)sinf do
3. Use a substitution u = sin 6 or u = cos # to solve the integral.

4. If 2 and 3 do not work, try instead turning the integrand into all sine
terms or all cosine terms, and then apply reduction formulas (1) or (2).

Some examples

fsin3 x cos xdx
This example is already in the form shown in step 2 above. A simple substitution
u=sin x
du=coszdx

converts the original integral to
fu?’du: iull +C = isin4 z+C

The next example does require us to use some sort of trig substitution in order to get
started.

/‘ .3 2
sin” x cos” zdx

If we replace two of the sine factors with (1 - cos” z) we will have an expression with all
cosine terms and a single sine term.

fs.in3 z cos” zdz = fsinx (1- cos” x) cos> zdz = f(<3082 z - cos' z)sinzdz

This integral is very easy to do via the substitution



U= COS T

du=-sinz dx
f(COSQ$-COS4 x)sin:z:dx:f—u2+u4du:-§u3—|—%u5+0

Finally, we reverse the substitution by replacing the u terms with cos z.

fsin3 z cos” zdz = (cos a:)5 + = (cos $)3 +C (3)

1 1
5 3

There is almost always an alternative method for solving a trig integration. Another way
to procede in this case is to replace the cos® z term with (1 - sin® z).

fsin3 z cos” zdz = fsin3 z (1-sin® z)dz
[ sin® . 5
= Jsin"z -sin"zdz
. 5 . 3
=-[(sinz) dz + [(sinz) dz (4)

We can now apply a reduction formula (1) to solve the two integrals. We start by
applying the reduction formula to the power 5 integral:

.4
—f(sinx)5da: :smx%—%fsin?’da:

This transforms (4) to

. 4
%fsinsdx + f(sinx)3da: = w—}_% f(Sinx)gd;p

.4
SIn T COS T

5)
Finally, we use the reduction formula one more time to compute the sine cubed integral.
. 3 sin” z cos 2 . sin” z cos z 2
[(sinz) dz :—f—l—gfsmxdx = - f—gcosx—kC

Thus
fsin3 z cos” zdz = - [ (sin x)5dx + [ (sin x)de
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SIn T COS T 2

-%2cosz +C
3
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_ sin xcosx_i_l_
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.4 .2
_ S T CosT s zCOS’z—lCOSJJ—FC’ (5)
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Note that the two answers (3) and (5), although both correct, do not look very much like
each other. This is an unfortunate phenomenon one has to contend with when doing trig
integrals. It is not at all unusual to get several correct answers that appear at first glance
to be totally different. Because it pretty easy to apply a sequence of trig identities to an
expression and transform it into something that looks very different, we should not be
surprised to see the same expression rendered in such different ways.

Trigonometric identities that are useful for computing integrals

The following are trig identities that are often useful for transforming trigonometric
expressions found in integrands into simpler forms.

SinASinB:%COS(A-B)-%COS(A—{—B) (6)

sin A cos B = %sin(A + B) + % sin(4 - B) (7)

cosAcosB:%cos(A—B)—l—%cos(A—i—B) (8)

sin? A = sin 4 sinA:écos(A-A)-;cos(A—l—A)zl_COS(QA) (9)
cos® A= cos A cos A= %COS(A -A)+ %COS(A + A)= HCOQS(QA) (10)

Some examples
The integral
fsin(2 z)cos(3 x)dzx
has an integrand that can be replaced via the formula (7) above

[sin(2 z) cos(3 z)dz = %sin(5 T)- %sin(m)daz



The integral

f0082 xdx

can be handled via formula (10) above.

fco:52 rdz = fH_C(;S(Qx)da: = f%dm—i—%fcos@ z)dz :g—isin(Z z)+C

Dealing with sec x and tan z

One thing we know about the functions sec z and tan x is their derivatives. Those facts
can be turned into integration formulas directly.

fsec2 zdx =tanz + C

fseca: tanzdzr =secz 4+ C
Here are two examples that show how to compute the integrals of sec z and tan z.

sin x

ftana:dx:f d:L’zf%dUz—ln‘u‘—|—C:—ln‘cosx‘+C

COS T

2
fSGdex:fseca: [secx—i—tanx]dx:fsec :I:—i-secxtanxdx

secx + tan z tanz + secx
:f%du:ln‘u‘ —I—Czln‘secx—i—tanx‘ +C

Other integrals involving combinations of powers of sec z and tan z can often be handled
by substitutions involving the identities

2 2
sec" z=1+ tan" z
2 2
tan” x =sec” -1
For example,

ftan3 rdz = f(se(:2 z-1)tanzdz = [tanz sec” zdz - [tanzdz

= ;(tan:c)2 -In|secz| + C



Here is another example.

2
ftan3 zsecxdr = f(sec2 z-1)secz tanzdz = [(secz) (secz tan z)dz -
fsecx tanzxdx

l(S.ec x)3 -secz + C

These two examples demonstrate the general strategy for handling products of powers of
sec x and tan z:if the power of sec x in the expression is even, try to do substitutions to
generate integrals of the form [ (tan x)n sec’ Tdz or [tan z dz. In the first case, use the
substitution © = tan z to proceed. If the power of sec x is odd, use substitutions to
generate integrals of the form [ (sec as)n (sec z tan z)dx or [sec z tan zdz. In the first
case, use the substitution u = sec z to proceed.



